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Abstract—Fingerprinting indoor localization provides high po-
sitioning accuracy with low cost and easy deployment. Consider-
ing the unsatisfying precision of received signal strength (RSS)-
based fingerprinting, hybrid metrics including angle-of-arrival
(AoA) and time-of-flight (ToF), are incorporated to the RSS
fingerprinting system. To evaluate the positioning performance
of hybrid metrics, the closed-form Crame´r-Rao lower bound
(CRLB) is derived in this paper. The existence conditions of
CRLBs, as well as the relationship of the CRLBs between single
and hybrid metrics is revealed. Numerical results based on
an office building scenario show that hybrid metrics greatly
improve the positioning performance and the robustness to
measured standard deviations compared to the single metric’s
case. Furthermore, hybrid schemes of the AoA/RSS/ToF metrics
are also investigated, and simulations reveal that the scheme
of AoA/ToF-supporting access points (AP) enhanced with sin-
gle RSS-supporting APs achieves the best positioning accuracy
among all hybrid schemes.
I. INTRODUCTION
Indoor localization has attracted a growing interest recently
due to the easy deployment of low-cost infrastructure, such as
wireless local area networks, ultra-wideband (UWB), wireless
sensor networks, and radio frequency identification [1]. Due
to the limitation of global navigation satellite system’s signal
strength for indoor scenarios, nearby access points (AP) with
known positions are generally needed for an indoor positioning
system. A variety of positioning algorithms have been devel-
oped, mainly including range-based and range-free schemes
[2], [3], while range-based approaches are favored for accurate
positioning.
Location fingerprinting techniques are quite promising for
fine-grain indoor localization [4], where location-dependent
parameters are collected as location fingerprints in an off-line
phase. During the online positioning phase, the parameters
obtained are compared with the database to estimate the
mobile nodes’ location. Currently, due to the relatively low
deployment cost and the compatibility with WiFi- or Blue-
tooth Low Energy (BLE)-enabled off-the-shelf devices [5], the
received signal strength (RSS)-based fingerprinting approach
becomes a popular solution. However, RSS-based positioning
does not always provide reliable location information as a
result of complex indoor propagation loss and channel fading.
The positioning performance will greatly improve if angle-
of-arrival (AoA) and time-of-flight (ToF) are incorporated in
the RSS-based fingerprinting framework [5], which provides
multiple metrics to improve localization accuracy. In [6],
based on Decawave’s DW1000 impulse radio UWB IC, the
Decawave’s AoA estimation demo was described. Together
with the ToF estimation scheme in [7], such kind of hardware
would pave the way for hybrid time-based and AoA-based
indoor localization with the aim of a finer-grain positioning
performance.
Crame´r-Rao lower bound (CRLB) has been widely used as
a benchmark as it gives the performance limit of unbiased
estimator [8]. As an efficient tool to evaluate the positioning
accuracy, the CRLBs of single metric, such as AoA, RSS and
ToF, have been derived in [9]–[11]. In [12], the CRLBs of
hybrid time (difference) of arrival (ToA/TDoA) and RSS were
derived for wireless sensing network, and the CRLBs of hybrid
ToA/AoA for UWB-based scheme and passive cooperative
localization in [13], [14], respectively. In this paper, we derive
the closed-form CRLB for hybrid AoA/RSS/ToF fingerprinting
systems. According to the authors’ best knowledge, it is the
first time to derive the CRLB for hybrid metrics assuming
that not each AP measures all AoA/RSS/ToF metrics simul-
taneously, which provides flexible deployment for practical
applications.
The reminder of this paper is organized as follows. Section
II presents the localization model with hybrid metrics. The
CRLB of hybrid metrics is derived in Section III, and some
useful conclusions are presented and proved. In Section IV, the
positioning performance of hybrid metrics is analyzed under
an indoor office scenario. Section V concludes this paper.
II. HYBRID AOA/RSS/TOF LOCALIZATION
Consider a hybrid indoor localization scheme with N APs,
where the coordinates of the APs are defined as pi =
[xi, yi]
⊤ ∈ R2, i ∈ {1, 2, · · · , N}, and mobile node is denoted
as p = [x, y]⊤ ∈ R2, as shown in Fig. 1. We assume that
each AP can perform at least one of the AoA, RSS and ToF
measurements. The AoA αi is defined as
αi = arctan
yi − y
xi − x, (1)
where αi ∈ [−π/2, π/2] when considering the threshold
conditions at ±π/2. As shown in Fig. 1, the positive AoA
is the counter-clockwise angle rotation from right-hand axis
when AP facing with mobile node, while the negative AoA
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Fig. 1. Distribution of APs and mobile node.
is the clockwise rotation. The AoA measurement can be
expressed as αˆi = αi + ̟, where ̟ is the measured error
following the Gaussian distribution [9], [13], [14] with zero
mean and variance σ2αi. According to [15], the total indoor
path loss for a path between the transmitter and the receiver
location, is the sum of the the distance loss along the path, the
total wall loss along the path, and the interaction loss along
the path. The total path loss can be calculated as follows [15]
Pi = P (d0)−10βlog10 (di/d0)+
∑
LW +
∑
LI+χ, (2)
where Pi and P (d0) are the received power at AP and
reference distance d0. β represents the path loss exponent,
di = ‖pi − p‖2 is the distance between AP and mobile node.
The first two terms of the sum represent the path loss due to the
distance along the considered path.
∑
LW is the cumulated
wall loss along the path,
∑
LI represents the cumulated
interaction loss due to the propagation direction changing from
mobile node to AP. χ denotes the Log-normal shadowing term
following the Gaussian distribution as χ ∼ N (0, σ2Pi). The
measurement of ToF is the time from mobile node to AP
τi = di/c, where c is the speed of electromagnetic wave. The
measured error of ToF is also assumed to follow a Gaussian
distribution [11]–[14] with variance σ2τi.
In the hybrid AoA/RSS/ToF localization, the APs obtain at
least one of these three metrics in practical applications. We
assume that m of the N APs can perform AoA measurements,
n of N APs perform RSS measurements, l of N APs perform
ToF measurements, and the observations are independent of
each other. So the hybrid metrics can be redefined as M =
{α1, · · · , αm, P1, · · · , Pn, τ1, · · · , τl} , {m,n, l} ∈ [1, N ].
The joint probability density function (PDF) of hybrid metrics
is given as
f
(
θˆ |p
)
=
m∏
i=1
f (αi |p )
n∏
j=1
f (Pj |p )
l∏
k=1
f (τk |p ), (3)
where θˆ is given by θˆ = (αˆ⊤, Pˆ⊤, τˆ⊤)⊤, αˆ is the estimation
of AoA as αˆ = (αˆ1, αˆ2, · · · , αˆm)⊤, Pˆ the estimation of
RSS as Pˆ = (Pˆ1, Pˆ2, · · · , Pˆn)⊤, and τˆ the estimation of ToF
as τˆ = (τˆ1, τˆ2, · · · , τˆl)⊤. Based on the maximum likelihood
estimation, the position of the mobile node can be determined
by maximizing the Log-likelihood function, namely
p = argmax
p
ln f(θˆ |p ), (4)
where ln f(θˆ |p ) is further given by
lnf(θˆ|p )=
m∑
i=1
lnf(αi|p )+
n∑
i=1
lnf(Pi|p )+
l∑
i=1
lnf(τi|p )
=C− 1
2
[(
θˆ−θ (p)
)⊤
R−1
(
θˆ−θ (p)
)]
,
(5)
where C is denoted as
C=
m∑
i=1
ln
(
1√
2πσαi
)
+
n∑
i=1
ln
(
1√
2πσPi
)
+
l∑
i=1
ln
(
1√
2πστi
)
,
and θ (p) is given by θ (p) =
(
α⊤ (p) ,P⊤ (p) , τ⊤ (p)
)⊤
,
where α (p) = (α1 (p) , α2 (p) , · · · , αm (p))⊤ represent the
true AoAs with mobile node’s coordinates from m APs,
P (p) = (P1 (p) , P2 (p) , · · · , Pn (p))⊤ denotes the true RSS
from n APs, and τ (p) = (τ1 (p) , τ2 (p) , · · · , τl (p))⊤ is the
ToF from l APs. R = diag (Rα,RP ,Rτ ), where Rα, RP ,
and Rτ are the error covariance matrixes of AoA, RSS, and
ToF, respectively.
III. CRLB OF HYBRID METRICS
For an unbiased estimator, the estimation variance is
bounded by the CRLB, which is the inverse of the Fisher
Information Matrix (FIM) I (p). The CRLB of hybrid
AoA/RSS/ToF localization for mobile node is defined as the
summation of the CRLB of each coordinate
σ2C (p) = σ
2
C (x) + σ
2
C (y) = tr
(
I−1 (p)
)
. (6)
Notice that I is nonsingular, the proof will be given later. The
FIM is defined as
I (p) = E
(
∇ ln f
(
θˆ |p
)
∇ ln f
(
θˆ |p
)⊤)
= −E
(
∇2 ln f
(
θˆ |p
))
= −E (H (p)) ,
(7)
where ∇, ∇2 are the operator of the first and second order
differentiation, respectively, which are with respect to mobile
node’s position p in this paper. H (p) is the Hessian matrix.
According to (5), we have
∇ ln f
(
θˆ |p
)
= ∇θ⊤ (p)R−1
(
θˆ − θ (p)
)
. (8)
Substitute (8) into (7), we obtain
I (p) = ∇θ⊤ (p)R−1∇θ (p) . (9)
Based on the definitions of θ andR, the following relationship
between the FIM of hybrid metrics and single metrics’ FIMs
can be given by I (p) = Iα (p)+IP (p)+Iτ (p). Here, IΞ (p)
(Ξ ∈ {α, P, τ}) is given as
IΞ (p) = ∇Ξ⊤ (p)R−1Ξ ∇Ξ (p)
=
ν∑
i=1
1
σ2
Ξi
∇Ξi (p) (∇Ξi(p))⊤, (10)
where ν ∈ {m,n, l}. So the CRLB of hybrid metrics is
obtained as below
σ2C (p) =
tr (I (p))
det (I (p))
=
tr (Iα (p) + IP (p) + Iτ (p))
det (I (p))
= κασ
2
Cα (p) + κPσ
2
CP (p) + κτσ
2
Cτ (p) ,
(11)
where κΞ = det (IΞ (p))/det (I (p)),Ξ ∈ {α, P, τ}, which
reveals that the CRLB of hybrid metrics is the linear summa-
tion of CRLB of single metric σ2CΞ (p) = tr
(
I−1
Ξ
(p)
)
, where
IΞ (p) should be non-singular.
Remark 1. Single Metric: To guarantee the existence of single
metric’s CRLB, the APs and mobile node should not be placed
collinearly.
Proof. According to the geometry relationship between AoA
and the coordinates, as shown in Fig. 1, the FIMs of AoA,
RSS, and ToF metric can be expressed as
Iα (p) =
m∑
i=1
γ2αiMi, (12)
IP (p) =
n∑
i=1
γ2PiM
∗
i , (13)
Iτ (p) =
l∑
i=1
γ2τiM
∗
i , (14)
where
γ2αi =
1
d2i σ
2
αi
, γ2Pi =
(
10β
ln 10
)2
1
d2iσ
2
Pi
, γ2τi =
1
c2σ2τi
,
Mi=
(
sin2αi −sinαi cosαi
−sinαi cosαi cos2αi
)
,
andM∗i is the adjoint matrix ofMi. Thus, the determinant of
the FIM is given as
det (IΞ (p)) =
ν∑
i=1
ν∑
j=1
cosαi sinαj sin (αj − αi)(
1
/
γ2
Ξi
) (
1
/
γ2
Ξj
) . (15)
Specifically, to satisfy that the CRLB of AoA metric exists,
the FIM should be non-singular, namely det (Iα (p)) 6= 0.
When set det (Iα (p)) = 0, we have αi = π/2 for any
i ∈ {1, 2, · · · ,m}, or αj = 0 for any j ∈ {1, 2, · · · ,m},
or αi = αj ± {0, π} for any i, j ∈ {1, 2, · · · ,m}. To sum
up three cases, the APs and mobile node should not be placed
collinearly to guarantee the existence of CRLB of AoA metric.
For the other two metrics, the same conclusion is reached.
Remark 2. Hybrid Metrics: To guarantee the existence of
RSS/ToF’s CRLB, the APs and mobile node should not
be placed collinearly. For hybrid AoA/RSS, AoA/ToF, and
AoA/RSS/ToF localization, the CRLBs always exist.
Proof. For hybrid RSS/ToF metrics,the FIM is given as fol-
lows
IPτ (p) = IP (p)+ Iτ (p) =
n∑
i=1
γ2PiM
∗
i +
l∑
i=1
γ2τiM
∗
i . (16)
Without loss of generality, we assume that n > l, and set γ˜2τ =
[γ2τ1, γ
2
τ2, · · · , γ2τl, 0, · · · , 0]1×n = {γ˜2τi |i = 1, 2, · · · , n}. So
(16) can be modified as
IPτ (p) =
n∑
i=1
(
γ2Pi + γ˜
2
τi
)
M∗i =
n∑
i=1
γ2iM
∗
i , (17)
where γ2i = γ
2
Pi + γ˜
2
τi, thus (17) has the same form as (13).
Similar to the single RSS metric, we can draw the conclusion
that the RSS/ToF’s CRLB exists when the APs and mobile
node are not placed collinearly.
For hybrid AoA/RSS metrics, we have the FIM as follows
IαP (p) =
m∑
i=1
γ2αiMi+
n∑
i=1
γ2PiM
∗
i =
m∑
i=1
Ωi, (18)
in which we assume that m > n, and expand the coeffi-
cient vector as γ˜2P = [γ
2
P1, γ
2
P2, · · · , γ2Pn, 0, · · · , 0]1×m =
{γ˜2Pi |i = 1, 2, · · · ,m}. Here,
Ωi=
(
γ2αisin
2αi + γ˜
2
Picos
2αi
(
γ˜2Pi − γ2αi
)
sinαi cosαi(
γ˜2Pi − γ2αi
)
sinαi cosαi γ
2
αicos
2αi + γ˜
2
Pisin
2αi
)
is positive definite, which can be easily proved. So IαP (p)
is the positive definite and non-singular. Likewise, it can be
concluded that the FIMs of AoA/ToF and AoA/RSS/ToF are
also non-singular, namely the CRLBs always exist.
Remark 3. The CRLB of hybrid AoA/RSS/ToF metrics is less
than any of single metric’s CRLB, also less than the CRLB of
any two hybrid metrics.
Proof. Since tr (I (p)) = tr
(∑
Ξ
IΞ (p)
)
> tr (IΞ (p)) ,Ξ ∈
{α, P, τ}, we obtain σ2C (p) = tr
(
I−1 (p)
)
< tr
(
I−1
Ξ
(p)
)
=
σ2CΞ (p), when the FIM of single metric is positive definite
according to Remark 1. It reveals that the CRLB of hybrid
AoA/RSS/ToF metrics is less than any of single metric’s
CRLB. Likewise, the CRLB of hybrid AoA/RSS/ToF metrics
is also less than the CRLB of any two hybrid metrics.
IV. SIMULATIONS AND RESULTS
A. Simulation Configuration
To evaluate the CRLB of hybrid metrics localization, an
indoor scenario of iGent office building floor as shown in
Fig. 2, measuring 27 m × 41 m, is utilized. The floor plan
data of the building is generated by the WHIPP propagation
prediction software [15], [16]. In the simulations, different
configurations with a varying number of APs (from 5 to 39)
will be considered, when each AP is assumed to measure at
least one of AoA/RSS/ToF. In Fig. 2, the blue filled circles
are the APs, and the segments with different color represent
different types of material (black: concrete, red: metal, grey:
glass, yellow: wood, and green: layered drywall). For each
configuration, we assume that the mobile nodes are deployed
on a rectangular grid with a spacing of 2.6 meters.
The observation standard deviation of AoA is related with
specific indoor environment [5], [17]. In the simulations, σαi
(i ∈ 1, 2, · · · ,m) are set to be from 6 to 15 in degree. As for
(a) 5 APs (b) 8 APs
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(c) 12 APs (d) 16 APs
(e) 20 APs (f) 25 APs (g) 30 APs (h) 39 APs
Fig. 2. The floor plan of iGent office building floor (27 m × 41 m) for eight configurations with different number of APs (from 5 to 39, in which the 12
APs are numbered with # in sub-figure (c).). The segments with different color represent different types of material (black: concrete, red: metal, grey: glass,
yellow: wood, and green: layered drywall).
RSS, the standard deviation can be set to σPj = 3 dB [18],
[19], ∀j ∈ 1, 2, · · · , n. According to [5], [7], the standard
deviation of ToF is correlated with the distance between AP
and mobile node, as well as the propagation in the line-of-sight
(LoS) or non-line-of-sight (NLoS) situation. An empirical
model of στk (k ∈ 1, 2, · · · , l) in nanosecond, is recommended
by [5] as follows:
στk =
{
0.0614dk + 0.3431, for LoS
0.1305dk + 0.3063, for NLoS
. (19)
Instead of CRLB, to compare the localization accuracy of
different metrics, we define positioning error bound (PEB) as
the square root of the lower bound σPEB (p) =
√
tr (I−1 (p)).
The mean PEB σ¯PEB of all grid points (mobile nodes) are used
to evaluate the localization performance.
B. Comparison of Different Metrics
To compare the positioning accuracy bound of the single
metric scheme and hybrid metrics scheme, the numerical re-
sults of mean PEBs are shown in Fig. 3. In this simulation, we
set the standard deviation of AoA σαi = 7 in degree for ease of
comparisons, and the APs measure all AoA/RSS/ToF values.
In Fig. 3, the single RSS metric obtains the worst positioning
accuracy (the mean PEBs are always larger than one meter
with varying number of APs), while the hybrid AoA/RSS/TOF
localization achieves the best performance, which achieves
the accuracy less than 0.51 m even though only 5 APs
are deployed. Generally, the single metric of ToF, and the
hybrid metrics incorporating ToF have excellent positioning
performance, of which the mean PEBs are less than 0.65 m. A
minor accuracy improvement is achieved when incorporating
RSS measurements in ToF-supporting APs, while adding AoA
measurements can obtain a distinct increase of accuracy. Simi-
larly, incorporating RSS metric to hybrid AoA/ToF-supporting
APs, namely hybrid AoA/RSS/ToF, also gains quite small
performance improvement.
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Fig. 3. Mean PEB of different metrics for varying number of APs with
σαi = 7 in degree, σPi = 3 dB, and στi given in (19).
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Fig. 4. Mean PEB of 12 APs of Fig. 2(c) with AoA’s varying standard
deviations.
In Fig. 4, we investigate the varying standard deviations
of AoA’s impact on the positioning accuracy. The number
of APs is 12, as shown in Fig. 2(c), and the APs can
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Fig. 5. Comparison of different deployments of hybrid AoA/RSS/ToF.
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Fig. 6. The PEBs on the office building floor plane with σαi = 7 in degree,
σPi = 3 dB, and στi given in (19): (a)-(e) the distribution of five cases’
PEBs, (f) the percentage of five cases when the PEBs are less than the given
positioning errors.
measure all AoA/RSS/ToF values at the same time. We
learn that the increasing of standard deviations deteriorates
the localization performance of AoA-involved APs (including
AoA metric, hybrid AoA/RSS metrics, hybrid AoA/ToF and
hybrid AoA/RSS/ToF metrics). The mean PEB of AoA metric
increases by 0.98 m from 0.72 m to 1.8 m when the standard
deviation varies from 6 to 15 degrees, while the mean PEB
for hybrid AoA/RSS metrics rises by 0.59 m. However, the
decrease is not obvious for hybrid AoA/ToF and hybrid
AoA/RSS/ToF metrics due to the good performance of ToF-
dominating positioning. Moreover, in line with Remark 3,
the performance of hybrid metrics systems outperforms any
of the corresponding single metric. Specifically, for AoA-
supporting and AoA/RSS-supporting APs, a mean PEB of 1
m for AoA-supporting APs under standard deviation σαi = 8
◦
can be obtained, while hybrid AoA/RSS metrics can reach the
same accuracy when σαi is about 11 in degree. It reveals that
hybrid metrics localization systems have better tolerance to
large standard deviations.
C. Influence of Different Hybrid AoA/RSS/ToF Schemes
In practical applications, we cannot guarantee that each
AP deployed supports all three metrics’ measurements
(AoA/RSS/ToF). Considering the cost, volume, and deploy-
ment of the APs, it is reasonable to expect that the APs only
measure one of or two of the metrics. To compare the influence
of different deployments of hybrid AoA/RSS/ToF metrics, we
select the configuration in Fig. 2(c) with 12 numbered APs.
Specially, five cases are defined below, all of which support
four AoA measurements, four RSS measurements, and four
ToF measurements. Three APs’ subsets are introduced (Subset
1: #1, #6, #8, #11, Subset 2: #2, #3, #4, #9, Subset 3:
#5, #7, #10, #12). Notice that it cannot be expected to list
all schemes of hybrid metrics, some typical cases allowing
APs to be distributed as uniformly as possible, are given here.
• Case 1: 4 APs measure AoA/RSS/ToF with Subset 1.
• Case 2: 4 APs measure AoA/RSS with Subset 1, 4 APs
measure ToF with Subset 2.
• Case 3: 4 APs measure AoA/ToF with Subset 1, 4 APs
measure RSS with Subset 2.
• Case 4: 4 APs measure RSS/ToF with Subset 1, 4 APs
measure AoA with Subset 2.
• Case 5: 4 APs measure AoA with Subset 1, 4 APs
measure RSS with Subset 2, 4 APs measure AoA with
Subset 3.
As shown in Fig. 5, the hybrid scheme of Case 3, under
varying standard deviations of AoA, achieves the best posi-
tioning performance compared with other four hybrid schemes.
Case 1 supporting all metrics’ measurements simultaneously
has relative high precision when the AoA’s standard deviation
σα is low (less than 10
◦), but the errors add distinctly as the σα
increases. Fig. 6(a)-(e) presents the distributions of the PEBs
under different hybrid schemes, and the percentage when the
PEBs are less than given positioning errors. Generally, Case
3 achieves the best accuracy (sub-meter accuracy with 100%,
and 0.8-meter accuracy with 90%) and largest coverage within
an certain precision, which is further presented and interpreted
by Fig. 6(f). Specifically, the coverage (percentage) of Case
3 with 0.5-meter positioning errors is about 40% while the
other cases only obtain the coverage less than 23% except for
Case 1 with 35%. As a result, it is recommended to adopt the
hybrid scheme Case 3 and obtain a better positioning precision
according to numerical results, which deserves subsequent
experimental validation.
V. CONCLUSION
In this paper, the CRLB of hybrid AoA/RSS/ToF indoor
positioning has been derived, considering the APs deployed
may not support all three metrics. The existence conditions
of the CRLBs of single/hybrid metrics, and the relationship
between the CRLBs of single metric and of hybrid metrics,
have also derived and revealed. Finally, numerical simulations
based on iGent office floor plan data, show that hybrid metrics
outperform single metric not only in positioning but also
the robustness to standard deviations. Moreover, the hybrid
scheme Case 3 is recommended for practical applications due
to best accuracy and largest coverage under given accuracy
compared with other schemes. A main future work will consist
of experimental evaluation of hybrid metrics localization,
especially the positioning performance of different hybrid
AoA/RSS/ToF schemes in terms of system complexity and
computation load.
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